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Let G be a locally compact group and let F be a discrete subgroup of G. r is 
called an L-subgroup of G if for every neighborhood V of the identity e in G, the 
set N(r, V) = {g E G:grg-l r\ V = {e}} h as a relatively compact image in 
G/r. L-Subgroups of semisimple Lie groups have been studied thoroughly by 
Raghunathan [lo]. In this paper we study the general properties of L-subgroups 
and L-subgroups of solvable Lie groups. In our discussion on L-subgroups, 
Margulis’ lemma [5] on the action of unipotent groups in the space of lattices 
plays the essential role. Originally, Margulis established the lemma as the key 
tool for studying L-subgroups of semisimple Lie groups. Here we add some 
applications of Margulis’ lemma to other groups. 
1. GENERAL PROPERTIES OF L-SUBGROUPS 
The condition of L-subgroups is just the Mahler compactness condition 
studied in [16]. To present examples of L-subgroups, let us recall the following 
theorem. It is well known for semisimple Lie groups [3] and is generalized to 
locally compact groups in [16]. 
THEOREM 1.1. Let G be a locally compact greup and let r be a lattice of G, i.e., 
a discrete subgroup of G such that the quotient space G/r has a finite invariant 
measure. Then r is an L-subgroup of G. 
Theorem 1 .l gives us many interesting examples ofl-subgroups. The following 
lemma tells us when a lattice is a uniform subgroup. The result was due to 
A. Selberg for semisimple Lie groups. 
LEMMA 1.2. Let G be a locally compact group and r an L-subgroup of G. Then 
the following two conditions are equivalent: 
(i) r is uniform in G, i.e., G/r is compact. 
(ii) There is a neighborhood V of the identity e in G such that G = N(r, V). 
* Partially supported by NSF Grant GP 37688. 
89 
Oool-8408/78/0282-0089~05.~~0 
Conyright 0 1978 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
90 S. P. WANG 
Proof. (i) => (ii) Let K be a compact subset of G such that G = KP. Since 
r is discrete, there is a neighborhood W of e in G with I’n W = {e}. As K is 
compact, there exists a neighborhood I’ of e in G such that PI% C W for 
every K E K. Letg E G. Write g = KY with k E K and y E l? Then 
grg-l n V = krk-l n V 
= k(P n k-lVk) k-l 
C k(P n W) k-l = {e}. 
Hence G = N(r, V). 
(ii) 3 (i) follows immediately from the definition of L-subgroup. 
From Theorem 1.1, we know that lattices are L-subgroups. It is quite natural 
to ask whether the converse is true. For semisimple analytic groups, Raghunathan 
[l] proved thatl-subgroups are indeed lattices. However, in general,l-subgroups 
are not lattices. The following is a simple example. 
1.3 AN EXAMPLE. Let A be the multiplicative group of nonzero real 
numbers and G = A 1 Iw2 the semidirect product where [w2 is the normal sub- 
group of G and A acts on lQs by h(x, y)h-l = (hx, X-ly), X E A, (x, y) E [w2. Let r 
be the discrete subgroup Z2 of Iw2. One shows easily that ris anL-subgroup of G. 
However, G/r is not compact. Hence by Mostow’s result on lattices of solvable 
Lie groups [7], r is not a lattice of G. 
Although the converse of Theorem 1.1 is not true in general, as we see from 
the main result in Section 3, the above example is already the worst possible one. 
In the following, we establish some general properties of L-subgroups. Let G be 
a locally compact group. G is said to have no smallfinite subgroups if there exists a 
neighborhood V of the identity e in G such that V contains no nontrivial finite 
subgroups of G. It is well known that Lie groups (resp. p-adic Lie groups) have 
no small finite subgroups. 
PROPOSITION 1.4. Let f  : G --+ H be a continuous open surjective homomorphism 
of locally compact groups such that the kernel K off is compact. Let P be a discrete 
subgroup of G and P’ = f(P). Then we have the following conditions: 
(i) P’ is discrete. 
(ii) P’ is an L-subgroup of H if K has no small$nite subgroups and P is an 
L-subgroup of G. 
(iii) P is an L-subgroup of G ;f P’ is an L-subgroup of H and H has no small 
finite subgroups. 
Proof. (i) Since the kernel K of f is compact, the assertion is immediate. 
(ii) Let V’ be a fixed neighborhood of the identity in H. Choose a neigh- 
borhood V of the identity in G such that f(V) C V’ and V n K contains no 
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nontrivial finite subgroups of K. For g of-l(N(P, V’)), grg-l n V = 
grg-l n V n K. r n K is compact and discrete, hence finite. Let 2 = / r n K 1 
and let W be a neighborhood of the identity in G such that Wz C 1’. Then 
grg-ln W=gI’g-ln WnK =g(FnK)g-ln WnK. If xE:grg-In W, 
h..., x”> is a subgroup contained in W’ n KC V n K. Hence by our choice of 
V, x has to be the identity. This shows that f-l(N(r’, V’)) C N(r, W). Since r 
is an L-subgroup of G and f is continuous, the image of N(r’, 1”) in H/r’ is 
relatively compact. 
(iii) Let I/ be a fixed neighborhood of the identity in G. Choose relatively 
compact symmetric open neighborhoods U and W of the identity in G such that 
Cl(U) C W, W2 C V, and f(U) contains no nontrivial finite subgroups of H. 
Clearly there are finitely many elements K, ,..., k, in K with UK C Uj’=, Wk, . 
Now let L be any discrete subgroup of G such that L n V = {e>. I f  Zr, 
l2 EL n Wk, , l,E;r EL n W2 CL n V = (e}. Hence L n UK contains at most 1 
distinct elements. Now let N be a neighborhood of the identity in G with 
Nz+r C U. Let g EL n NK. Clearly {g,..., gr+l} CL n UK. Since L n UK 
contains at most 1 distinct elements, g has to be an element of order <Z and 
consequently {g,...,glj is a subgroup of UK. Since by our choice of U, f(U) 
contains non nontrivial finite subgroups of H, g has to lie in K. This shows that 
L n V = {ej implies L n NK C K. It follows readily that f (N(r, V)) C 
N(r’, f (N)). Since r’ is an L-subgroup of H and kernel K off is compact, the 
image of N(r, V) in G/I’ is relatively compact. 
LEMMA 1.5. Let f  : G ---f H be a continuous open surjective homomorphism of 
locally compact groups such that kernel (f) ’ d as ismete. Let r’ be an L-subgroup of 
H and r = f-l(p). Then r is an L-subgroup of G. 
Proof. Immediate from the definition. 
LEMMA 1.6. Let G be a locally compact group, Han open subgroup of G, alld r 
an L-subgroup of G. Then r n H is an L-subgroup of H. 
Proof. Immediate from the definition. 
LEMMA 1.7. Let G be a locally compact group, r an L-subgroup of G, and r, 
a subgroup of r of jinite index. If  G has no small finite subgroups, then I’, is an 
L-subgroup of G. 
Proof. Let V be a fixed neighborhood of e in G such that V contains no 
nontrivial finite subgroups of G. Since [r : r,] < CO, there is a positive integer I 
such that y1 E r, for every y  E r. Let W be a neighborhood of e in G with 
Wz C V. Let g E N(r, , V) and x E grg-l n W. It follows that 
XI car& n V = (e), 
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hence {x,..., x2} is a subgroup of G contained in V. By our choice, x has to be 
the identity e. This proves that N(F, , V) C N(P, W). Since r is an L-subgroup 
of G and the index [r : F,] is finite, the image of N(F, , V) in G/I’, is relatively 
compact. Hence r, is an L-subgroup of G. 
LEMMA 1.8. Let G be a locally compact group and I’ an L-subgroup of G. Let H 
be a closed subgroup of G containing r. Then r is an L-subgroup of H. 
Proof. Immediate from the definition. 
LEMMA 1.9. Let f : G + H be a continuous open surjective homomorphism of 
locally compact groups such that kernel( f ) is central in G. Let r be an L-subgroup 
of G such that r’ = f(r) is discrete. Then r’ is an L-subgroup of H. 
Proof. Let V’ be a fixed neighborhood of the identity in H. Choose a 
neighborhood V of e in G such that r n V = {e} and f(V) C V’. One shows 
readily that f  -l(N(r’, V’)) C N(r, V). Since r is an L-subgroup and f  is con- 
tinuous, one concludes easily that the image of N(r’, V’) in H/r’ is relatively 
compact. Hence r’ is an L-subgroup of H. 
2. LINEAR GROUPS 
In this section, we shall establish some properties of linear groups needed 
later. 
PROPOSITION 2.1. Let G be a real algebraicgroup such that G/R,(G) is compact 
where R,(G) is the unipotent radical of G. Let r be a discrete subgroup of G and r* 
its Zariski closure in G. Then we have the following conditions: 
(i) r is uniform in r*. 
(ii) The identity component (r*)O of r* is nilpotent. 
Proof. Let H = (Cl(rR,(G)))O. By [13, Theorem A], H is solvable. Let 
7~ G+ G/R,(G) be the projection map. v  is a morphism of algebraic groups. 
Since compact subgroups of a real algebraic group are algebraic subgroups, 
owing to its compactness, H/R,(G) is an algebraic subgroup of G/R,(G). Hence 
its inverse image H is real algebraic. As the index [Cl(I’R,(G)) : H] is finite, 
replacing G and r by H and H n I’, respectively, we may assume that G = His 
connected and solvable. We prove the assertion in two cases. 
Case 1. r is Abelian. In this case r* is Abelian. Hence by the structure of 
Abelian algebraic groups, r* = K x V, where K and V are the semisimple and 
unipotent parts of r*, respectively. Since G/R,(G) is compact, K has to be 
compact. Let r, be the projection of r in V. As K is compact, clearly I’, is 
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discrete. Let V, be the smallest analytic subgroup of V containing F, . It is well 
known that VI/r, is compact. Since V is unipotent, hence VI is unipotent and 
real algebraic. It follows that K x VI is real algebraic and contains F. Hence 
F- = K x V, and consequently r is uniform in F. 
Case 2. r is not Abelian. Since G is connected and solvable, [G, G] is 
unipotent, hence in particular [r, r] consists of unipotent elements. Now let 
L be the Zariski closure of [r, r] in G. L is unipotent. Since L is unipotent, 
[F, r] is uniform in L, hence FL is closed in G. Then by passing the group r* 
over to r*/L and case 1, rL/L is uniform in r*/L. Therefore by the transitivity of 
compactness conditions, r is uniform in r*. Thus (i) is established. Let N be the 
maximal normal nilpotent analytic subgroup of I’*. By Mostov’s result on lattices 
of solvable Lie groups [6j, r n N is uniform in N. Clearly N contains R,(r*) 
and thus r*/N is compact. This implies that TN/N, being discrete and compact, 
is finite, Hence by isomorphism theorem, r/r n N N TN/N is finite. It follows 
readily that N = (r*)O is nilpotent. 
Proposition 2.1 generalizes the classical results on discrete subgroups of the 
group of Euclidean motions of RN. 
Let gZ(n, C) be the algebra of all n by n complex matrices. Denote by gZ(n, C), 
the set of a11 x E gE(n, C) such that the imaginary parts of the eigenvalues of x lie 
in the open interval (-rr, r). 
LEMMA 2.2. Let x ~gl(n, C), and v E Cn an eigenvector of exp x. Then v 
is also an eigenvector of x. 
Proof. Let x = xs + x,, be the Jordan decomposition of x, where xs and x,, 
are the semisimple and nilpotent parts of x, respectively. Clearly exp x = 
exp xs exp xr, is the Jordan decomposition of exp x. Since exp xs = (exp x)~ 
is a polynomial of exp x, hence v is an eigenvector of exp x, and consequently an 
eigenvector of exp Xn for exp xn = exp x(exp x&i. As exp xn is unipotent, 
(exp xn)v = v and thus xnv = 0. Therefore without losing anything, we may 
assume that x is semisimple. Let V = C”, & ,..., A, the eigen values of x and 
V = Vi @ *** @ V, the decomposition of V into eigensubspaces of x. Let 
v = VI -t . ..+v.with~~~V(l <i<Z).Then 
(exp x)v = (exp h,)v, + *** + (exp h,)v, . 
By assumption on the eigen values of x, exp h, ,..., exp h, are distinct. Since v is 
an eigenvector of exp x, all except one of vj are 0. This shows obviously that v 
is an eigenvector of x. 
LEMMA 2.3. Let x cgZ(n, Qn and y EgZ(n, e) such that exp x = exp y. Then 
xy = yx. 
Proof. Let x = xs + xn and y = y3 + yn be the Jordan decompositions of 
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x and y, respectively. Since exp x = exp y, exp xn = exp yn and hence xi, = yn . 
Thus without losing anything, we may assume that X, y are semisimple. Let 
v = C”, Al ,..., & distinct eigenvalues of y and V = Vi @ ... @ V, the decom- 
position of V into eigensubspaces of y. As exp x = exp y, exp x acts on Vi as a 
scalar multiplication. By the preceding lemma, x acts on Vj as a scalar multiplica- 
tion. Hence the relation xy = yx follows immediately. 
The following proposition gives us useful information on small neighborhoods 
of the identity of simply connected analytic group. 
PROPOSITION 2.4. Let G be a simply connected analytic group and e the Lie 
algebra of G. Then e has a neighborhood A of 0 in C? with the following conditions: 
(i) I f  x E A and y  E G with exp x = exp y, then [x, y] = 0. 
(ii) I f  x, y  are as in (i) and G is solvable, then x = y. 
(iii) I f  G is solvable, then exp A n exp M = exp(A n M) for every subset 
Mof C?, 
Proof. Since G is simply connected, by Ado’s theorem, there is a continuous 
representation p: G -+ GL(n, R) such that the differential dp of p is injective. Let 
A = (dp)-l(gl(n, IF&). Clearly (1 is a neighborhood of 0 in G and (i) follows 
immediately from Lemma 2.3. (ii) Let A be the subalgebra of &’ generated by x 
and y. By (i), A is Abelian. Since G is solvable and simply connected, exp(A) 
is also simply connected. Hence the restriction map exp 1 A of exp on A is an 
isomorphism. Thus x = y. (iii) follows easily from (ii). 
PROPOSITION 2.5. Let G be a connected (in the Zariski topology) real algebraic 
solvable group and C? the Lie algebra of G. Let I’ be a discrete nilpotent subgroup of 
G, L the topological identity component of the Zariski closure of r in G and log r = 
(x EL: exp x E r>. Then we have the following conditions: 
(i) log rgenerates a discrete additive subgroupez of L. 
(ii) For every neighborhood V of 0 in &, there is a neighborhood Q of the 
identity e in G such that grg-l n Q = {e} ifg E G and Ad(g)& n V = {0), where 
Ad is the adjoint representation of G. 
Proof. (i) follows immediately from Malcev’s result [4] on lattices of 
nilpotent analytic groups. 
(ii) Without losing anything, we may assume that r CL. Since r is nilpotent, 
by the structure of algebraic nilpotent groups, L = L, x L, where LS , L, are 
the semisimple and unipotent parts of L, respectively. Let H = L, . R,(G). 
Clearly H is normal in G. Let VT: A -+ L, be the universal covering map and 
H1 = A . R,(G) the semidirect product, where R,(G) is the normal subgroup 
and A acts on R,(G) through r. It is easy to see that r induces a homomorphism 
ii: H1 + H such that + j R,,(G) is the inclusion map and 6 1 A = i 0 r, where i is 
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the inclusion map of L, . Since Hr is simply connected, ii is the universal covering 
map. Clearly we have the commutative diagram 
where i?r and A are identified by the differential d73 of 7j. Now let L, = +-l(L), 
I’, = +‘(I’), and (& the discrete additive group generated by {X E&,: 
exp x t r,>. From the above commutative diagram, we have Lz = (&, . Now 
let V be a neighborhood of 0 in G. V n E^r, is a neighborhood of 0 in fir . By 
Proposition 2.4, HI has a neighborhood W of e such that W n exp M = {e} if M 
is a subset of I?r with M r\ V = (0). Let Q be any neighborhood of e in G such 
that Q n H C +( W). We claim that Q has the desired property. Let g E G with 
Ad(g& n V = (0). Then Ad(g)(.& C i?r and Ad(g)@& n V = (0); 
consequently exp(Ad(g)(&) n W = {e}. Since exp(&),3 I’, = +-l(r), 
+r(grg-r) n W = (e} and hence grg-l n i;(W) = {e}. However, grg-l C Ii, 
grg-1 n Q Cgrgpl n (Q n H) CgFg-1 n 7j( W) = (e}. Therefore Q has the 
desired property in (ii). 
Since Margulis’ lemma is essential in the following discussion, here we recall 
the result in [5]. 
MARGULIS' LEMMA. Let qX: [w--f GL(n, [w) be a continuous homomorphism 
such that q5(rW) is unipotent. Then for every discrete subgroup r of W, there is a 
neighborhood V of 0 in 58” such that the subset (t E Iw: $(t)(r) n V = (0)) is not 
bounded in Iw. 
As an application of Margulis’ lemma, we have the following structure theorem 
on L-subgroups. 
THEOREM 2.6. Let G be a real algebraic group such that G/R,(G) is compact, 
and r is an L-subgroup of G. Then r is uniform in G, i.e., G/r is compact. 
Proof. We prove the theorem in several steps. 
Step I. Let r* be the Zariski closure of r in G. By Lemma 1.7 and Proposi- 
tion 2.1, we may assume that r* is nilpotent and connected for [r*: (r*)O] is 
finite. 
Step 2. Since r* is nilpotent, by the structure of real algebraic nilpotent 
groups r* = K x R,(r*), where K is the semisimple part of r*. By our 
assumption on G, R,(G) is the set of unipotent elements in G, hence in particular 
R,(I’*) C R,(G). As G/R,(G) is compact, K is compact. Now set H = r*R,(G). 
Clearly H = KR,(G). By Proposition 2.1, it suffices to show that R,(r*) = 
R,(G). Clearly H is solvable. Hence we may assume that G is solvable. 
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Step 3. Suppose that R,(r*) # R,(G). W e s h ow that this implies contra- 
diction. Let& be the discrete additive subgroup generated by (X E f*: exp x E r}. 
Since R,(r*) # R,(G), there is a one-parameter subgroup A = {T(t): t E R} of 
R,(G) such that A n R,(r*) = {e}. Let Ad be the adjoint representation of G. 
Clearly Ad(A) is unipotent. Hence by Margulis’ lemma [5], there is a neighbor- 
hood V of 0 in G and a sequence t, tending to co such that 
Ad(T(t& n V = {0}, 
for every n. By Proposition 2.5, G has a neighborhood Q of e such that 
T(tJ rT(t,)-l n i2 = {e) 
for every n. Since I’ is an L-subgroup of G, the images of T(tj) in G/r lie in a 
compact subset, hence the images of T(ti) in G/F* lie in a compact subset. 
However, A n r* = {e> and AT* is closed. This implies that the restriction 
map on A of the projection G -+ G/r* is a homeomorphism onto a closed subset. 
Thus the images of -r(tj) in G/r* are not bounded. Hence we get a contradiction. 
3. SOLVABLE LIE GROUPS 
In this section, we study L-subgroups of solvable Lie groups. Our main result 
is the following theorem. 
THEOREM. Let G be a solvable Lie group, r an L-subgroup, and N the nilradical 
of G, i.e., the maximal normal nilpotent analytic subgroup of G. Then r n N is 
uniform in N. 
The augument for this theorem is similar to that of Theorem 2.6 but more 
delicate. Before we present the proof, let us prove some lemmas. 
LEMMA 3.1. Let G be an analytic group and let r be a discrete solvable subgroup 
of G. Then the subgroups of r satisfy the ascending chain condition. 
Proof. Let R be the radical of G, Gr = G/R, and rr: G + G, the projection. 
Let r, = w(r) and L the topological identity component of (Ad(r,))*. Since Gi 
is semisimple, the Lie algebra of Ad(G,) is algebraic, hence L C Ad(G,). Let 
A = Ad-l(L) and B = n-l(A). B is a closed solvable subgroup of G, and 
[r : B n r] < [(Ad(r,))* : L] < co. Since L is connected A = Ad-l(L) = 
AaZ(G,) and consequently B” = x -l(AO). It follows that B/B” -N A/AO, being 
a homomorphic image of Z(G,), is finitely generated Abelian. Therefore 
[r : r n B] ( co, (rn B)/(r n B”) is finitely generated Abelian. Thus it 
suffices to verify that r n Bo has the desired property. However, this follows 
immediately from Mostow’s result on discrete subgroups of solvable analytic 
groups. 
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THEOREM 3.2. Let G be an analytic group atid r a discrete subgroup of G. Then 
r has a maximal normal nilpotent (resp. solvable) subgroup of lT 
Proof. Let r,, (X E A) be a chain of normal nilpotent (resp. solvable) sub- 
groups of r, where A is a well-ordered set. By Zassenhaus’ result [17] on 
solvable subgroups of an analytic group, the degrees of solvability of the groups 
r, are bounded. Hence the union uA r, is a discrete solvable subgroup of G. 
By the preceding lemma, it coincides with r, for some h. Hence by Zorn’s lemma, 
the assertion is immediate. 
We know that two normal nilpotent subgroups generate again a normal 
nilpotent subgroup. Hence the maximal normal nilpotent subgroup, if it exists, 
is unique. Let G be a group. We call the maximal normal nilpotent subgroup of 
G, if it exists, the full nilpotent radical of G. 
LEMMA 3.3. For every n, there is a positive number E = e(n) such that 
x E GL(n, Z) is unipotent if the eigenvalues X, ,..., h, of x satisfy 1 hi - 1 j < E 
(j = I,..., n). 
Proof. Let t, ,..., t, be n indeterminants and f(Y) = nj”=, (Y - tj). Then 
f(Y) = Y” - sl(t) Yn-l + ... + (-l)%,(t), where s,(t),..., sn(t) are the elemen- 
tary symmetric polynomials on t = (tl ,..., t,J. Now let E be a positive number 
such that ! sj(h) - (;)I < 4 (j = I,..., n) if h E @” satisfying 1 hi - 1 / < E 
Y = IF..? 
n). Then E has the desired property. Let x E GL(n, Z) with eigenvalues 
1 ,..., An satisfying / hj - 1 j < E (j = l,..., n). Since s&I, ,..., X,) are integers, 
hence s,(h, ,..., A,) = (;) (i = l,..., n). This shows that the characteristic poly- 
nomial det(Y - x) of x takes the form (Y - l)n. Therefore all eigenvalues of 
x = 1, i.e., x is unipotent. 
LEMMA 3.4. Let G be a Lie group, A a nilpotent analytic subgroup of G, and x 
in the normalizer of A in G. If  the restriction Ad(x) 1 A  ^ of Ad(x) on A  ^ is unipotent, 
then x, A generate a nilpotent subgroup of G. 
Proof. Let a, = {a E center of A :^ Ad( = a}. Since Ad(x) j a is unipotent 
and A is nilpotent, aI # 0. Let A, be the analytic subgroup of G with Lie 
algebra A, . Clearly A, centralizes x and A. Let B = Cl(A,) and H = Z,(B). 
Then x, A are contained in H. Consider then the quotient group H/B. By 
induction on dim(A), we conclude that LB/B is nilpotent, where L is the sub- 
group generated by x and A. Since L n B C Z(L), L is nilpotent. 
LEMMA 3.5. Let G be an analytic solvable subgroup of GL(n, R) and N the 
nilradical of G such that N is unipotent. Let r be a discrete subgroup of G such that 
NC r*, I’ n N # {e}, and TN is dense in G. Then r n N n Z(G) # {e}. 
Proof. Let r,, be the last nontrivial term of the derived series of r n N and A 
the Zariski closure of r, in GL(n, R). Clearly A # (e}, is Abelian and r 
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normalizes r (7 N, hence A. Since r* 3 G*, A is normal in G*. As A is Abelian 
and unipotent, log(r,,) defines on a a Z-structure & , hence a Q-structure. 
Let nr: G* -+ GL(A) be the map defined by a(g)x = Ad(g)x (g E G*, x E A). 
Since n(r) C GL(A) z and r* = G*, x(G*) is defined over Q, hence U = 
&(n(G*)) is defined over Q. It follows that there is 0 # a E & such that 
a(u) = a for every 01 E U. However, U contains V(N). It implies nbn-’ = 6 for 
every n E N, where 6 = exp a E r n N. Let f  : G + G be the map f(g) = g6g-’ 
(gcG). f(rN) =f(r)crnN is closed. Therefore .f-‘(f (TN)) is closed. 
Since TN is dense in G, G =f-‘(f(rN)). Then f(G), being connected and 
discrete, has to be (6). Hence e # 6 E r n N n Z(G). 
The following lemma is a generalization of Ado’s theorem on solvable analytic 
groups. Its basic content is in [S]. For completeness, we give a proof here. 
LEMMA 3.6. Let G be an analytic solvable group and N its nilradical. if N is 
simply connected, then there is a faithful continuous representation of G such that 
the image of N is unipotent. 
Proof. Since N1 [G, G], G/N is Abelian. G/N is the direct product of a 
torus T and a vector group I’. Let B be the preimage of I’ in G and let A be a 
maximal torus in G. Then G is the semidirect product of A and B. Clearly A acts 
on B/N trivially. As B is simply connected, by Ado’s theorem, there is a con- 
tinuous faithful representation $ of B such that 4(N) is unipotent. Appealing 
to Theorem 3.2 [8], there is a continuous representation ZJ of G such that 
$ < 4 and $(N) is still unipotent. Since G/N is Abelian, there is a continuous 
representation 7 of G such that N = ker(7). Set r = 4 @ T. It is easy to see that 
r has the desired property. 
THEOREM 3.7. Let G be a solvable Lie group, r an L-subgroup, and N the 
nilradical of G. Then r n N is un;form in N. 
Proof. We prove the assertion in several steps. 
Step 1. Let T be the maximal torus of N. Clearly T is normal in G. Passing 
over to G/T, by Lemma 1.4, we can assume that N is simply connected. By 
Lemma 1.6, we can assume that G is connected. 
Step 2. By Lemma 3.6, we can assume that G is an analytic solvable sub- 
group of GL(m, R) such that N is unipotent. 
Step 3. Let r* be the Zariski closure of r in GL(m, W). Then r* 3 N. Let 
A be the full nilpotent radical of r and A* the Zariski closure of A in GL(m, R). 
Let A, be the additive discrete subgroup of a* generated by {X E a* : exp x E A}. 
Obviously AZ is invariant under Ad(r), where Ad is the adjoint representation 
of G*. Now consider the quotient space N/r* fl N. If  r* n N # N, there is a 
one-parameter subgroup B = {T(t) : t E R> of N with B n r* = {e>, By 
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Margulis’ lemma [5], there is a neighborhood V of 0 in G* and a sequence t, 
tending to co such that 
Ad(T(t,))& n V = (0) 
for every n. By Proposition 2.5, there is a neighborhood Q of e in G such that 
I AT-l n Q = {e> 
for every n. Now let (1 be a neighborhood of e in G contained in Q such that the 
eigenvalues h, ,..., X, of Ad(x) satisfy 
( Xj - I / < 6 
(j = l,..., 1), .Y E fl, where 6 < c(k) (k = l,..., dim(G*)) with e(k) given in 
Lemma 3.3. We claim I FAT-l n A = {e}. Let x E T(~J r~(t,))l n A. By 
assumption, Ad(x) has eigenvalues h, ,..., h, satisfying 1 hj - 1 1 < 6 (i = l,..., I). 
Let y  = ~(t,$&(tJ. Ad(y) leaves Ax invariant. Since Ad(y) and Ad(x) have the 
same eigenvalues, hence by Lemma 3.3, Ad(y) acts unipotently on the linear 
span of AZ . By Lemma 3.4, y  and exp AZ generate a nilpotent subgroup. Since 
exp AZ 1 A n (A*)O 3 [F, Fj, y  and [F, r] g enerate a normal nilpotent subgroup 
of I’. Hence y  E A. This shows that 
T(tn) rT(t,)-’ n fl = T(t,) zdT(t,)-l n fl = (e>. 
Since r is an L-subgroup, the images of I in G/r are bounded; hence the 
images of 7(t,J in G*/r* lie in a compact subset. But Br* is closed and 
B n I’* = {e}. As B is unipotent, the restriction on B of the projection map 
G* + G*/r* is a homeomorphism onto a closed subset. Hence the images of 
T(tn) in G*/r* are not bounded. Thus we get a contradiction. Therefore r* r) N. 
Step 4. Suppose that r is Abelian. Since r* 3 N by Step 3, TN is Abelian. 
Hence (Cl(rN))O = N by the maximality of the nilradical. Then by Lemmas 1.6 
and 1.8, r n N is an L-subgroup of N. Clearly by Lemma 1.2, r n N is uniform 
in N for N is Abelian. 
Step 5. Suppose that r is not Abelian. Then {e} f  [I’, r] C N. Let 
H :: (Cl(I’N))O and r, = r n H. Clearly r,N is dense in H. By Lemmas 1.6 
and 1.8, r, is an L-subgroup of H. By Step 3, r,* 3 N. Since {e} f  [r, r] C 
r, n N, hence by Lemma 3.5, r, n N n Z(H) # {e}. Let 2 be the Zariski 
closure of I’, n N n Z(H) in GL(m, R), H = H/Z, and N the image of N in p. 
Clearly 2 n I’, is uniform in 2, hence the image PI of r, in i7 is discrete. By 
Lemma 1.9, PI is an L-subgroup of i?. Then by induction on dim(G), r, n m 
is uniform in N. By transitivity of compactness conditions, r n N is uniform in N. 
As an immediate consequence of Theorem 3.6, we have the following well- 
known result on lattices of solvable Lie groups. 
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COROLLARY 3.8 (Mostow). Let G be a solvable Lie group and let r be a lattice 
of G. Then we have the following conditions: 
(i) I’ n N is uniform in N, where N is the nilradical of G. 
(ii) I’ is uniform in G. 
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